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Root Locus
Controller Plant
R -~ ’/ Y
(s) +TE(S) Cs) U(s) G(s) (s)
H(s)
N
~~ Sensor

Y(s) _ C(5)G(s) _ C(5)G(s)

C(s)=KD(s)=>
R(s) 1+C(s)G(s)H(s) 1+KL(s)

Writing the loop gain as KL(s) we are interested in tracking
the closed-loop poles as “gain” K varies
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Root Locus

Characteristic Equation:

1+ KL(s)=0

The roots (zeros) of the characteristic equation are the
closed-loop poles of the feedback system!!!

The closed-loop poles are a function of the “gain” K

Writing the loop gain as

b(s) _s" +bs" " +---+b, _s+b,

a(s) s"+as"'+--+a,_s+a,

L(s)=

The closed loop poles are given indistinctly by the solution of:

b(s)

1+ KL(s)=0, 1+K—=
a(s

=0, a(s)+Kb(s)=0, L(s)= —11(
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Root Locus

RL = zeros{1 + KL(s)} =roots{den(L) + Knum(L)}

when K varies from 0 to « (positive Root Locus) or
from 0 to -» (negative Root Locus)

1 . .
K>0:L(s)= 1 IL(s)| = Magnitude condition
K OL(s) =180° Phase condition
1 . .
=—— Magnitude condition
K<0:L(s)=—ll< - IL(s)| X g

OL(s)=0" Phase condition
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Root Locus by Characteristic Equation Solution

Example: R(s) 1 @ E(s) U(s) 1 Y(s)
i K (s+10)(s +1)

Y(s) _ K
R(s) s*+1ls+(10+K)

Closed-loop poles: 1+L(s)=0 < s> +11s+(10+K)=0

s=-1,-10 K=0
_ <<, BI-4K
@ s=55E—— 8 HK>(

5s=-5.5 8 HK=0
L’;“ 8 F4K<(

s=-55+

s=-55+i
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Root Locus by Characteristic Equation Solution

g T T T T ; T

Imag Axis

-10 B & -4 -2 a 2 4
Real Axis

We need a systematic approach to plot the closed-loop poles
as function of the gain K -~ ROOT LOCUS

ME 343 — Control Systems — Fall 2009 220




Phase and Magnitude of a Transfer Function

b,s" +b, " +---+bs+b,

-1
s"+a,_s" +---tas+a,

n—

G(s)=

(s—z)(s—2))(s—2,)
(s=p)(s—py)---(s—p,)

G(s)=K

The factors K, (s-z) and (s-p,) are complex numbers:
(s=z)=rfd”,  j=l.m
(s=p)=rPe®, k=l-p

K =|K[e”

L N T
ik He're r.e

,.lpelf/i” rzpel%" . rnpel@’p

G(s)=|K

e
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Phase and Magnitude of a Transfer Function

iz iz i,
ik Ke're r-e

G(s)= ‘Ke , , .
ﬁpel@”rzpel%” ---rnpe’@’p
Kle'” e )
= Kle o -
}/iprzp e rnpel(ﬂp +¢ +"'+¢;1p)

= K| sl vas e Horvop vt )

PP ... P
hWn

Now it is easy to give the phase and magnitude
of the transfer function:

Z .2 Z

Gs)|=|K| 52
rprp,,_rp’

172 n

DG(S):¢K+(¢IZ +@7 +...+(grzn)—(¢f +@” +...+¢np)
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Root Locus by Phase Condition

Y (s)

Example: R(s) + a E(s) U(s) s+1
i K s(s+5)s> +4s+8)
5 Pole-Zero Map
| | s+1
i L(s)= / \
= (+s)s +as+8)

Imag Axis

-7 -5 4 -4 -3 -2 -1 0 1 2
Real Axis
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s, =—1+3i

s(s+5)(s+2+2i)(s +2-2i)

belongs to the locus?
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Root Locus by Phase Condition

4

7 5 5 4 3 2
90" ~[108.43° +36.87" +45 +78.70°|=-180° = 5,

Note: Check code rlocus_phasecondit
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ion.m

=-1+3i belongs to the locus!
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Root Locus by Phase Condition

1k —~ S0=_1+3i

Imag Axis

-7 ] A -4 -3 -2 -1 u] 1 2
Real Axis

We need a systematic approach to plot the closed-loop poles
as function of the gain K -~ ROOT LOCUS
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